Abstract. For a residually finite group G, its normal subgroups G ⊃ G 1 ⊃ G 2 · · · with ∩ n∈N G n = {e} and for a growth function γ we construct a unitary representation π γ of G. For the minimal growth, π γ is weakly equivalent to the regular representation, and for the maximal growth it is weakly equivalent to the direct sum of the quasiregular representations on the quotients G/G n . In the case of intermediate growth we show two examples of different behaviour of π γ .
Introduction
Let G be a residually finite group with normal subgroups G ⊃ G 1 ⊃ G 2 · · · such that ∩ n∈N G n = {e}. Let X n = G/G n be the quotient finite group, with the natural action of G denoted by (g, x) → gx, g ∈ G, x ∈ X n . Let ν n = |X n |, where |A| denotes the number of elements in the set A. A sequence (γ n ) n∈N of integers such that 1 ≤ γ n ≤ ν n for any n ∈ N will be referred to as a growth function.
It is well known that the regular representation λ G of G is weakly contained in the direct sum of quasi-regular representations λ n , which factorize through the quotients G/G n , i.e. λ G (a) ≤ sup n∈N λ n (a) for any a ∈ C [G] . In view of abundance of exotic group norms [2, 6] , we were interested to find intermediate norms between the norms λ G (·) and sup n∈N λ n (·) (in the case of non-amenable G -otherwise these two norms coincide). We had not succeeded, but we have constructed a family π γ , γ ∈ Z, of representations on Hilbert spaces H γ , where Z is a partially ordered set of growth functions, such that π γ is weakly equivalent to λ for the minimal growth function (γ n = 1 for any n ∈ N), and to ⊕ n∈N λ n for the maximal growth function (γ n = ν n for any n ∈ N). The most interesting case is that of intermediate growth. We prove an estimate on the norm of π γ when the growth function γ is sufficiently slow. We also determine, in two cases, whether the trivial representation is weakly contained in π γ . For a property (τ ) group G the answer is negative for all growth functions that are slower than the maximal one, but for a certain choice of finite index subgroups of a free group the answer is positive for some γ of an intermediate growth. We were not able to check if the norms π γ (·) are all different. We hope they are; if not, then there should be a boundary growth function such that slower growth functions give the regular norm, and faster ones give the norm sup n∈N λ n (·) .
Construction of a family of representations
In this section we modify the Calkin's construction [3] to obtain representations of certain quotient C * -algebras. Let l 2 (X n ), n ∈ N, be the finitedimensional Hilbert spaces with respect to the atomic measure µ given by µ(x) = 1 for any x ∈ X n . Set σ = ⊕ n∈N λ n , and let A = C * σ (G) be the C * -algebra generated by all σ(g), g ∈ G. Note that σ is a representation of G on the Hilbert space ⊕ n∈N l 2 (X n ), and there is a canonical inclusion
Fix some non-principal ultrafilter U on N and let τ n be the trace on B(l 2 (X n )) normalized by τ n (id) = 1. Let J ⊂ n∈N B(l 2 (X n )) be the ideal consisting of all sequences
Following Calkin, set ≥ 2, so lim n→∞ ν n = ∞. Let Z denote the set of all non-decreasing integer-valued sequences γ = (γ n ) n∈N such that 1 ≤ γ n ≤ ν n for any n ∈ N. For γ, γ ′ ∈ Z, we write γ ≤ γ ′ if there is ε > 0 such that εγ n ≤ γ ′ n for any n ∈ N, and γ ∼ γ ′ if γ ≤ γ ′ and γ ′ ≤ γ. The set Z contains the minimal element ι such that ι n = 1 for any n ∈ N, and the maximal element ν (ν n = |X n | for any n ∈ N). We write
γ ⊂ H be the subset of all sequences (ξ n ) such that | supp ξ n | ≤ kγ n for each n. This is not a linear subspace, but
Some properties of the Hilbert spaces
Proof. Assume the contrary, and let
, where χ E denotes the characteristic function of the set E. Then, for any ε ∈ (0, 1) there exists k ∈ N and η ∈ H
Remark 2.2. Note that the same argument shows that H γ is strictly greater than the closure of the union of all
Proof. It suffices to prove Lemma in the case when η ∈ H
Remark 2.2 shows that the family of Hilbert spaces is not lower semicontinuous. Now let us show that it is upper semicontinuous.
Proof. Let ξ ∈ ∩ γ≻γ 0 H γ be represented by a sequence (ξ n ) n∈N . For any ε > 0 and for any n ∈ N, consider all η n ∈ l 2 (X n ) such that ξ n − η n < ε. Among all these η n one can find η
Since ξ ∈ ∩ γ≻γ 0 H γ , for any ε > 0 and for any γ ≻ γ 0 there exists k ∈ N and ζ ∈ H
It follows from ξ − ζ < ε that there exists A ∈ U sich that ξ n − ζ n < ε for any n ∈ A. By assumption, α ε n ≤ | supp ζ n | ≤ kγ n for any n ∈ A. Thus, for any ε > 0 and any γ ≻ γ 0 there exists k ∈ N and A ∈ U such that α ε n ≤ kγ n for any n ∈ A.
As we have already shown, there exists k ∈ N and A ∈ U such that α
n . This contradicts our assumption.
Thus, for any ε > 0 we have lim U α ε n γ 0 n < ∞, i.e. for any ε > 0 there exists C ∈ R and A ∈ U such that α
As ε is arbitrary, this implies that ξ ∈ H γ 0 and we are done.
Lemma 2.5. The subspaces H γ are invariant under λ.
Proof. Obvious: translation by g ∈ G, of functions in l 2 (X n ) does not change the size of their supports.
Thus, we can restrict the representation λ to H γ for any γ ∈ Z. Denote this restriction by π γ = λ| Hγ .
Note that if γ ≤ γ ′ then H γ ⊂ H γ ′ , hence the representation π γ ′ contains the representation π γ .
Case of maximal growth
Theorem 3.1. The representations π ν and ⊕ n∈N λ n are weakly equivalent.
Proof. When γ = ν is maximal, there is no restrictions on the size of supports of vectors in H, so π ν = λ. The classical result of J. W. Calkin [3] states that the kernel of the representation λ of A on H is A∩K(⊕ n∈N l 2 (X n )) (recall that A is generated by ⊕ n∈N λ n (g), g ∈ G). As λ n is a subrepresentation in any λ m with m > n, each λ n repeats infinitely in σ = ⊕ n∈N λ n , hence λ(·) = sup n∈N λ n (·) .
Case of very slow growth
Theorem 4.1. There exists a growth function γ with lim n→∞ γ n = ∞ such that π γ ′ is weakly equivalent to the regular representation λ of G for any γ ′ ≤ γ. In particular, π ι is weakly equivalent to λ.
Proof. It suffices to prove the theorem in the case when G is finitely generated. Let q n : G → G/G n = X n denote the quotient maps, and let l (resp. l n ) be the word length function on G (resp. on X n ) with respect to a fixed set S ⊂ G (resp. q n (S) ⊂ X n ) of generators, and let
(4.1) Let supp ξ n = A ⊂ X n . By assumption, |A| ≤ kγ n for any n ∈ N. Our aim is to show that although A may be scattered on X n , one can replace ξ n by another functions ζ n such that π γ (a)
2 < π γ (a)ζ 2 + ε, ζ n = 1, n ∈ N, and such that supp ζ n lies in a ball of a controlled radius.
Decompose the set A into a disjoint union of its subsets
Suppose that for any i = 1, . . . , k one has
Then, summing (4.2) up, we get
Passing to the limit over U, we get
which contradicts (4.1). Thus, for any n ∈ N, there exists i such that
Note that | supp η i | = |A i | ≤ |A| ≤ kγ n , hence, by (A1), there exists a ball B r ′ (z n ) of radius r ′ = kγ n · 3r centered at some z n ∈ X n , such that supp η i ⊂ B r ′ (z n ) (we use tilde to distinguish balls in X n from balls in G).
. Then supp ζ n ⊂ B r ′ (z n ), | supp ζ n | ≤ kγ n for any n ∈ N, and there exists A ∈ U such that λ n (a)ζ n > λ n (a) − ε for any n ∈ A.
Note that y ∈ B r ′ (z n ) if l n (z −1 n y) ≤ r ′ . Let α n = min g∈Gn,g =e l(g). It follows from ∩ ∞ n=1 G n = {e} that lim n→∞ α n = ∞. The following statement is folklore.
Lemma 4.2. Let g ∈ G, z = q n (g), and let B R (g) ⊂ G be the ball of radius R centered at g. Then q n maps B R (g) isometrically onto B R (z) for any R < α n /4.
Note that for any x ∈ G, l(x) ≥ l(q n (x)), and l n (q n (x)) = min y∈Gn,y =e l(xy). Suppose that there exists y ∈ G n such that l(xy) < l(x). Then, by the triangle inequality, l(xy) ≥ l(y) − l(x), hence l(y)−l(x) < l(x), or, equivalently, l(x) > l(y)/2. Taking
Let g n ∈ G satisfy q n (g n ) = z n , R < α n /4, and let u n : l 2 ( B R (z n )) → l 2 (G) be an isometry defined by
If the supports of ϕ n and of λ n (g)ϕ n lie in B R (z n ) then u n λ n (g)ϕ n = λ(g)u n ϕ n . Both ζ n and λ n (x)ζ n have supports in the ball B r ′ +r (z n ), hence, for r ′ + r < α n /4 one has
for any n ∈ A ′ . Choose γ such that lim U γn αn = 0. Then, as r ′ = 3rkγ n , so there exists A ′′ ∈ U such that r ′ + r < α n /4 holds for any n ∈ A ′′ . As the set A ∩ A ′ ∩ A ′′ is not empty, it follows from (4.3) and (4.4) that π γ (a) 2 < λ(a) 2 + 2ε holds for any a ∈ C[G] with supp a ∈ B r . As r is arbitrary, we conclude that π γ (a) ≤ λ(a) for any a ∈ C[G].
Case of small growth
where q n : G/G n → G/G n−1 is the quotient homomorphism and ν n = |X n |. This allows to consider H n−1 as a subspace of H n . Note that λ n−1 is a subrepresentation of λ n . Set ρ n = λ n ⊖ λ n−1 . This is a representation of G on l 2 (X n ) ⊖ l 2 (X n−1 ).
Proof. We are going to construct a Hilbert space L such that H γ ⊂ L ⊂ H ν = H and a representation ρ of G on L such that ρ = λ| L and ρ(a) = lim sup n→∞ ρ n (a) for any a ∈ C[G]. This would obviously imply that ρ contains π γ , hence the claim of the theorem.
In order to construct L let us consider the set L of all the sequences (ξ n ) n∈N such that ξ n ∈ l 2 (X n ) ⊖ l 2 (X n−1 ) and the norms ξ n are uniformly bounded, with the degenerate inner product as before, which becomes positive definite after taking quotient modulo sequences with lim U ξ n 2 = 0. Then L ⊂ H, and we define L as the closure of
Let σ k , k ∈ N, be the sequence of irreducible representations of G that appear as direct summands in λ 1 , λ 2 , . . .. Let σ k be a subrepresentation of λ n−1 . As the multiplicity of σ k in λ n−1 and in λ n is the same and equals its dimension, it is not contained in ρ n . Thus, each σ k appears only in one of ρ 1 , ρ 2 , . . .. Let B be the C * -algebra generated by all
. Then ρ(a) equals the norm of a in B/B ∩ K(H ′ ) by Theorem 5.3 of [3] . Since each σ k appears only in one of ρ 1 , ρ 2 , . . ., the latter norm equals lim sup k→∞ σ k (a) = lim sup n→∞ ρ n (a) .
To finish the argument, it remains to show that
So, lim U Q n ξ n = 0, hence ξ ∈ L.
Case of intermediate growth
Here we consider the case of intermediate growth and show two different kinds of behaviour of representations π γ -for property (T) groups and for free groups.
6.1. Case of property (τ ) groups. Recall that the property (τ ) is a generalization of the property (T) of Kazhdan and means that the trivial representation is isolated among finitedimensional representations. For more details about property (τ ) we refer to [4] . Theorem 6.1. Let G be a finitely generated property (τ ) group, and let γ ≺ ν. Then the trivial representation is not weakly contained in π γ .
Proof. Let S ⊂ G be a finite symmetric generating set, and let x = 1 |S| g∈S g ∈ C[G]. Suppose the contrary: for any ε > 0 there exists ξ (k) ∈ H γ such that ξ (k) = 1 and
Without loss of generality we may assume that ξ (k) ∈ H (k) γ , and that ξ n = 1 for each n ∈ N, where ξ = (ξ n ) n∈N . A fixed ε determines k such that
Then there exists A ∈ U such that
for any n ∈ A. Note that each λ n contains exactly one copy of the trivial representation, with the representation space spanned by the single vector ξ
By property (τ ), there exists δ > 0 (which does not depend on n) such that λ n (x)η n − η n ≥ δ η n for any
δ 2 , and
when n ∈ A and ε ≤ δ.
. So, by assumption,
n , ξ 0 n = 0, which contradicts (6.2) when ε < δ/4.
6.2.
Case of free groups. Let G = F 2 be the free group on two generators. Here we show that H γ may weakly contain the trivial representation for a certain sequence of finite index subgroups and for certain intermediate γ. We follow here [1] .
n , be the iterated subgroups generated by the squares of all elements of the previous group. There is a nice description of X n = F 2 /G n in [1] as vertices of Cayley graphs of X n . The Cayley graph of F 2 /G 0 is the wedge of two circles with a single vertex, and the Cayley graphs Cay(X n ) of F 2 /G n = X n are constructed from it inductively. Let V n and E n denote the set of vertices and edges of the Cayley graph of X n , let T n be a maximal tree in Cay(X n ), and let e 1 , . . . , e rn be the edges not in T n . Then V n+1 = V n × (Z/2)
rn , E n+1 = E n × (Z/2) rn . Let e ∈ E n , α ∈ (Z/2) rn . Let e connect the vertices v, w ∈ V n . If e ∈ T n then the edge (e, α) ∈ E n+1 connects (v, α) with (w, α). If e = e i , 1 ≤ i ≤ r n , then (e, α) connects (v, α) with (w, α +ē i ), wherē e i = (0, . . . , 0, 1, 0, . . . , 0) ∈ (Z/2) rn has 1 as its i's component. For a Cayley graph Cay(X n ) and for a subset A of vertices of Cay(X n ) we denote by |∂A| the number of edges in Cay(X n ) such that they connect a point from A with a point from X n \ A. Proof. Let 1 < k n < r n . Set A n+1 = {(v, α) : v ∈ V n , α ∈ (Z/2) rn , α i = 0 for k n < i ≤ r n }.
Then |A n+1 | = |X n |2 kn , and (6.3) holds for any k n ≥ 1. Note that (6.4) means that lim n→∞ |A n+1 | |X n+1 | = lim n→∞ 2 kn−rn = 0, which is equivalent to lim n→∞ (r n − k n ) = ∞. Let us evaluate |∂A n+1 |. If e ∈ T n then both ends of (e, α) are either in A n+1 or in V n+1 \ A n+1 , so let e = e i be one of e 1 , . . . , e rn . If (e, α) ∈ ∂A n+1 then i > k n , so |∂A n+1 | = 2(r n − k n )2
kn .
